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ACL2(r) is a variant of ACL2 that supports the irrational real and complex numbers. Its logical
foundation is based on internal set theory (IST), an axiomatic formalization of non-standard anal-
ysis (NSA). Familiar ideas from analysis, such as continuity, differentiability, and integrability, are
defined quite differently in NSA—some would argue the NSA definitions are more intuitive. In pre-
vious work, we have adopted the NSA definitions in ACL2(r), and simply taken as granted that these
are equivalent to the traditional analysis notions, e.g., to the familiarǫ-δ definitions. However, we
argue in this paper that there are circumstances when the more traditional definitions are advanta-
geous in the setting of ACL2(r), precisely because the traditional notions are classical, so they are
unencumbered by IST limitations on inference rules such as induction or the use of pseudo-lambda
terms in functional instantiation. To address this concern, we describe a formal proof in ACL2(r) of
the equivalence of the traditional and non-standards definitions of these notions.
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1 Introduction

ACL2(r) is a variant of ACL2 that has support for reasoning about the irrational numbers. The logical
basis for ACL2(r) isnon-standard analysis(NSA), and in particular, the axiomatic treatment of NSA
developed asinternal set theory(IST) [5]. Traditional notions from analysis, such as limits, continuity,
and derivatives, have counterparts in NSA

Previous formalizations of NSA typically prove that these definitions are equivalent early on. We
resisted this in the development of ACL2(r), preferring simply to state that the NSA notions were the
“official” notions in ACL2(r), and that the equivalence to the usual notions was a “well-known fact”
outside the purview of ACL2(r). In this paper, we retract that statement for three reasons.

First, the traditional notions from real analysis require the use of quantifiers. For instance, we say
that a functionf has limitL asx approachesa iff

∀ǫ > 0,∃δ > 0 such that|x−a| < δ⇒ | f (x)− L| < ǫ.

While ACL2(r) has only limited support for quantifiers, thissupport is, in fact, sufficient to carry out
the equivalence proofs. However, it should be noted that thesupport depends on recent enhancements to
ACL2 that allow the introduction of Skolem functions with non-classical bodies. So, in fact, it is ACL2’s
improved but still modest support for quantifiers that is sufficient. That story is interesting in and of
itself.

Second, the benefit of formalization in general applies to this case, as the following anecdote illus-
trates. While trying to update the proof of the Fundamental Theorem of Calculus, we were struggling to
formalize the notion ofcontinuously differentiable, i.e., that f is differentiable andf ′ is continuous. To
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talk about the class of differentiable functions in ACL2(r), we use anencapsulate event to introduce an
arbitrary differentiable functions. It would be very convenient to use theexistingencapsulate for dif-
ferentiable functions, and prove as a theorem that the derivative was continuous. That is to say, it would
be very convenient if all derivative functions were continuous. Note: we mean “derivative” functions,
not “differentiable” functions. The latter statement had previously been proved in ACL2(r).

Encouraged by Theorem 5.6 of [5], one of us set out to prove that, indeed, all derivatives of functions
are continuous.

Theorem 1(5.6, [5]). Let f : I →Rwhere I is an interval. If f is differentiable on I, then f′ is continuous
on I.

Nelson’s proof of this theorem begins with the following statement:

We know that

∀stx∀x1∀x2

{

x1 ≈ x∧ x2 ≈ x∧ x1 , x2⇒
f (x2)− f (x1)

x2− x1
≈ f ′(x)

}

. (1)

This is, in fact, plausible from the definition of continuity, which is similar but withx taking the place of
x2. The remainder of the proof was “trivially” (using the mathematician’s sense of the word) carried out
in ACL2(r), so only the proof of this known fact remained. Thehand proof for this fact was tortuous, but
eminently plausible. Unfortunately, the last step in the proof failed, because it required thaty ·y1 ≈ y ·y2

whenevery1 ≈ y2—but this is true only wheny is known to be limited.
The other of us was not fooled by Theorem 5.6: What about the function x2sin(1/x)? The discrep-

ancy was soon resolved. Nelson’s definition of derivative in[5] is precisely Equation 1. No wonder
this was a known fact! And the problem is that Equation 1 is equivalent to the notion of continuously
differentiable, andnot equivalentto the usual notion of differentiability. But in that case, how are we to
know if theorems in ACL2(r) correspond to the “usual” theorems in analysis. I.e., what if we had chosen
Equation 1 as the definition of derivative in ACL2(r)? Preventing this situation from reoccurring is the
second motivator for proving the equivalence of the definitions in ACL2(r) once and for all.

Third, the NSA definitions are non-classical; i.e., they usenotions such as “infinitely close” and
“standard.” Indeed, it is these non-classical properties that make NSA such a good fit for the equational
reasoning of ACL2(r). However, non-classical functions are severely limited in ACL2(r): Induction can
be used to prove theorems using non-classical functions only up to standard values of the free variables,
and function symbols may not map to pseudo-lambda expressions in a functional instantiation [3]. As
a practical consequence of these restrictions, it is impossible to prove thatd(xn)

dx = n · xn−1 by using the
product rule and induction in ACL2(r). In [2], for example, this is shown only for standard values of
n. However, using the traditional notion of differentiability, the result does follow from induction. This,
too, would have been reason enough to undertake this work.

It should be emphasized that the main contribution of this paper is the formalization in ACL2(r)
of the results described in this paper. The actual mathematical results are already well-known in the
non-standard analysis community. Moreover, some of these equivalence results were formalized me-
chanically as early as [1]. The novelty here is the formalization in ACL2(r), which complicates things
somewhat because of the poor support for (even first-order) set theory.

The rest of this paper is organized as follows. In Section 2, we discuss equivalent definitions regard-
ing convergence of series1. Section 3 considers the limit of a function at a point. The results in this

1Readers who attended the ACL2 Workshop in 2013 will recognize many of the results in this section, because they were
presented in a Rump Session there.
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section are used in Section 4 to show that the notions of continuity at a point are also equivalent. This
leads into the discussion of differentiability in Section 5. Finally, Section 6 deals with the equivalent
definitions of Riemann integration.

2 Convergence of Series

In this section, we show that several definitions of convergence are in fact equivalent. In particular,
we will consider the traditional definitions, e.g., as foundin [8], and the corresponding concepts using
non-standard analysis, e.g., as found in [7].

We start with the constrained functionSer1, which represents an arbitrary sequence; i.e., it is a
fixed but arbitrary function that maps the natural numbers tothe reals. Moreover,Ser1 is assumed
to be a classical function—otherwise, some of the equivalences do not hold. Similarly, the function
sumSer1-upto-n defines the partial sum ofSer1, i.e., the sum of the values ofSer1 from 0 ton.

The first definition of convergence is the traditional one dueto Weierstrass:

(∃L)(∀ǫ)(∃M)(∀n)(n > M⇒ |
n

∑

i=0

ai − L| < ǫ).

In ACL2, we can write the innermost quantified subformula of this definition as follows:

(defun-sk All-n-abs-sumSer1-upto-n-L<eps (L eps M)

(forall n (implies (and (standardp n)

(integerp n)

(> n M))

(< (abs (- (sumSer1-upto-n n) L))

eps))))

This version of the definition restrictsn to be a standard integer, which makes it a non-classical formula.
A different version omits this requirement, and it is a more directtranslation of Weierstrass’s criterion.

(defun-sk Classical-All-n-abs-sumSer1-upto-n-L<eps (L eps M)

(forall n (implies (and (integerp n)

(> n M))

(< (abs (- (sumSer1-upto-n n) L))

eps))))

ACL2 can verify that these two conditions are equal to each other, but only when the parametersL, eps,
andM are standard. This follows becausedefchoose is guaranteed to choose a standard witness for
classical formulas and standard parameters. More precisely, the witness function is a classical formula
is also classical, all all classical functions return standard values for standard inputs [3]. Once this
basic equivalence is proved, it follows that both the classical and non-classical versions of Weierstrass’s
criterion are equivalent. It is only necessary to add each ofthe remaining quantifiers one by one.

We note in passing that the two versions of Weierstrass’s criterion arenotequivalent for non-standard
values of the parametersL, eps, andM. Consider, for example, the case wheneps is infinitesimally small.
It is straightforward to define the sequence{an} such that the partial sums are given by

∑n
i=1 ai = 1/n,

clearly converging to 0. Indeed, for anyǫ > 0 there is anN such that for allm> N,
∑m

i=1 ai = 1/m<
1/N < ǫ. However, for infinitesimally smallǫ, the resultingN is infinitesimally large. This is fine
using the second (classical) version of Weierstrass’s criterion, but not according to the first, since for all
standardN, 1/N > ǫ, so no standardN can satisfy the criterion. However, the two criteria are equivalent
when written as sentences, i.e., when they have no free variables.
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Note that the only difference between the two versions of Weierstrass’s criterionis that one of them
features only standard variables, whereas the other features arbitrary values for all quantified variables.
Using the shorthand∀st and∃st to introduce quantifiers for standard variables, the two versions of the
criteria can be written as follows:

• (∃stL)(∀stǫ)(∃stM)(∀stn)(n> M⇒ |
∑n

i=0 ai − L| < ǫ)
• (∃L)(∀ǫ)(∃M)(∀n)(n > M⇒ |

∑n
i=0 ai − L| < ǫ)

It is obvious that these two statements are extreme variants, and that there are other possibilities mixing
the two types of quantifiers. Indeed, we verified with ACL2 that the following versions are also equivalent
to the above:

• (∃stL)(∀stǫ)(∃stM)(∀n)(n> M⇒ |
∑n

i=0 ai − L| < ǫ)
• (∃stL)(∀stǫ)(∃M)(∀n)(n > M⇒ |

∑n
i=0 ai − L| < ǫ)

The last two versions of Weierstrass’s criterion are useful, because they are easier to show equivalent
to the typical non-standard criterion for convergence: (∃L)(∀n)(large(n) ⇒

∑n
i=0 ai ≈ L), i.e., for large

values ofn,
∑n

i=0 ai is infinitely close toL. This is the convergence criterion used in [2], for example,
where power series are used to introduce functions such asex.

There is another statement of the non-standard convergencecriterion that appears weaker:

(∃L)(∃M)(large(M)∧ (∀n)(n > M⇒
n

∑

i=0

ai ≈ L)).

This version does not require that
∑n

i=0 ai is close toL for all largen, only that this is true forn larger
than some largeM. We have shown in ACL2 that these statements are in fact equivalent to Weierstrass’s
criterion for convergence. In fact, since{an} is a classical sequence, the value ofL is guaranteed to be
standard, so we can replace (∃L) with (∃stL) in both of the non-classical convergence criteria given above
and still retain equivalence.

When the sequence is composed of non-negative numbers, we can make even stronger guarantees.
Let {bn} be such a sequence, which we introduce into ACL2 as the constrained functionSer1a. All the
previous results aboutSer1—i.e., about{an}—apply toSer1a, and we can carry over these proofs in
ACL2 by using functional instantiation.

Using the non-standard criterion for convergence, we can easily see that if
∑∞

i=0 bn converges, then
∑N

i=0 bi is not infinitely large, whereN is a fixed but arbitrary large integer2. This simply follows from
the facts that

∑N
i=0 bi ≈ L andL is standard.

The converse of this fact is also true: if
∑N

i=0 bi is not infinitely large, then
∑∞

i=0 bn converges. This is
harder to prove formally. The key idea is as follows. Since

∑N
i=0 bi is not infinitely large, then

∑N
i=0 bi must

be close to an unique standard real number, i.e.,
∑N

i=0 bi ≈ L for some standardL.
∑

bi is monotonic, so
for any standardn,

∑n
i=0 bi ≤

∑N
i=0 bi . And sinceL is the unique real number that is close to

∑N
i=0 bi , we can

conclude that
∑n

i=0 bi ≤ L for all standardn. Using the non-standard transfer principle, this is sufficient to
conclude that

∑n
i=0 bi ≤ L for all n, not just the standard ones. Using monotonicity once more, it follows

that whenevern > N,
∑n

i=0 bi ≈ L, which is precisely the (weak) non-standard convergence criterion
above. Thus, the series

∑N
i=0 bi converges, according to any of the criteria above.

Similar results hold for divergence to positive infinity. Let {cn} be an arbitrary sequence. Weier-
strass’s criterion is given by (∀stB)(∃stM)(∀stn)(n > M⇒

∑n
i=0 ci > B). As before, for classical{cn} this

2The ACL2 constant(i-large-integer) is often used to denote an otherwise unspecified large integer, and that is what
we use in this case.
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is equivalent to a criterion with quantifiers over all reals,not just the standard ones: (∀B)(∃M)(∀n)(n >
M ⇒

∑n
i=0 ci > B). And just as before, other variants (withB and M standard or justB standard) are

also equivalent. Moreover, these are equivalent to the non-standard criterion for divergence to posi-
tive infinity, namely that (∀n)(large(n) ⇒ large(

∑n
i=0 ci)). A seemingly weaker version of this criterion

is also equivalent, where it is only necessary thatcn is large for alln beyond a given large integer:
(∃M)(large(M)∧ (∀n)(n > M⇒ large(

∑n
i=0 ci))). Finally, if the sequence{cn} consists of non-negative

reals, then it is even easier to show divergence. It is only necessary to test whetherlarge(
∑N

i=0 ci) where
N is an arbitrary large integer, and as before we choose the ACL2 constanti-large-integer for this
purpose.

3 Limits of Functions

In this section, we consider the notion of limits. In particular, we show that the following three notions
are equivalent (for standard functions and parameters):

• The non-standard definition (for standard parametersa andL):

lim
x→a

f (x) = L⇔ ((∀x)(x≈ a∧ x, a⇒ f (x) ≈ L)).

• The traditional definition over the classical reals:

lim
x→a

f (x) = L⇔
(

(∀stǫ > 0)(∃stδ > 0)(0< |x−a| < δ⇒ | f (x)− L| < ǫ)
)

.

• The traditional definition over the hyperreals:

lim
x→a

f (x) = L⇔ ((∀ǫ > 0)(∃δ > 0)(0< |x−a| < δ⇒ | f (x)− L| < ǫ)) .

We begin by assuming the non-standard definition, which can be introduced in ACL2(r) by encapsu-
lating the functionf , its domain, and the limit functionL, so that limx→a f (x) = L(a). The first step is to
observe thata≈ b is a shorthand notation for the condition that|a−b| is infinitesimally small. Moreover,
if ǫ > 0 is standard, then it must be (by definition) larger than any infinitesimally small number. Thus,
we can prove that

(∀stǫ > 0)((∀x)(x≈ a∧ x, a⇒ | f (x)− L(a)| < ǫ)).

Similarly, if δ > 0 is infinitesimally small, then|x−a| < δ implies thatx≈ a. It follows then that

(∀stǫ > 0)(∀δ > 0)(small(δ)⇒ (∀x) (0< |x−a| < δ∧ x, a⇒ | f (x)− L(a)| < ǫ)) .

It is an axiom of ACL2(r) that there exists a positive infinitesimal, namely(/ (i-large-integer)).
Consequently, we can specialize the previous theorem with the constantδ0 (i.e.,(/ (i-large-integer))).

(∀stǫ > 0)(0< δ0∧ small(δ0)∧ (∀x) (0< |x−a| < δ0∧ x, a⇒ | f (x)− L(a)| < ǫ)) .

Using ACL2 terminology, the specific numberδ0 can be generalized to yield the following theorem:

(∀stǫ > 0)(∃δ > 0)((∀x) (0< |x−a| < δ∧ x, a⇒ | f (x)− L(a)| < ǫ)) .
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Note that the statement inside the∀st is classical; i.e., it does not use any of the notions from NSA,
such as standard, infinitesimally close, infinitesimally small, etc. Consequently, we can use the transfer
principle so that the quantifier ranges over all reals instead of just the standard reals. This results in the
traditional definition of limits over the hyperreals:

(∀ǫ > 0)(∃δ > 0)((∀x) (0< |x−a| < δ∧ x, a⇒ | f (x)− L(a)| < ǫ)) .

The transfer can also be used in the other direction. The introduction of the existential quantifier is
done viadefun-sk, and ACL2(r) introduces such quantifiers by creating a Skolem choice function
δ(a, ǫ) usingdefchoose. Since the criteria used to define this Skolem function are classical,defchoose
introduces the Skolem function itself as classical. That means that whena and ǫ are standard, so is
δ(a, ǫ). This observation is sufficient to show that limx→a f (x) = L(a), using the traditional definition over
the classical reals:

(∀stǫ > 0)(∃stδ > 0)((∀x) (0< |x−a| < δ∧ x, a⇒ | f (x)− L(a)| < ǫ)) .

It is worth noting that this last theorem is not obviously weaker or stronger than the previous one,
where the quantifiers range over all reals, not just the standard ones. The reason is that the∀ quantifier
ranges over more values than∀st, so it would appear that using∀ instead of∀st yields a stronger result.
However, this advantage is lost when one considers the∃ quantifier, since∃st gives an apparently stronger
guarantee. In actual fact, the two statements are equivalent, since the transfer principle can be used to
guarantee that the value guaranteed by∃ can be safely assumed to be standard.

To complete the proof, we need to show that if limx→a f (x)= L(a), using the traditional definition over
the standard reals, then limx→a f (x) = L(a) using the non-standard definition. To do this, we introducea
newencapsulatewheref is constrained to have a limit using the traditional definition over the standard
reals. We then proceed as follows. First, fixǫ so that it is positive and standard. From the (standard real)
definition of limit, it follows that

(∃stδ > 0)(∀x) (0< |x−a| < δ⇒ | f (x)− L(a)| < ǫ) .

Now suppose thatδ0 is a positive, infinitesimally small number. It follows thatδ0 < δ for any positive,
standardδ. In particular, this means that

0< δ0∧ (∀x) (0< |x−a| < δ0⇒ | f (x)− L(a)| < ǫ) .

Sinceδ0 is an arbitrary positive infinitesimal, we can generalize itas follows:

(∀δ > 0)(small(δ)⇒ (∀x) (0< |x−a| < δ⇒ | f (x)− L(a)| < ǫ)) .

Next, we remove the universal quantifier onx. This step does not have a dramatic impact on the math-
ematical statement, but it is more dramatic in ACL2(r), since it opens up a function introduced with
defun-sk:

(∀δ > 0)(small(δ)⇒ (0< |x−a| < δ⇒ | f (x)− L(a)| < ǫ)) .

Recall thatx≈ a is a shorthand for|x−a| is infinitesimally small. Thus, the theorem implies the following

(∀δ > 0)(small(δ)⇒ (x≈ a∧ x, a⇒ | f (x)− L(a)| < ǫ)) .
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At this point, the variableδ is unnecessary, so we are left with the following:

x≈ a∧ x, a⇒ | f (x)− L(a)| < ǫ.

Now, recall that we fixedǫ to be an arbitrary, positive, standard real. This means thatwhat we have
shown is actually the following:

(∀stǫ) (x≈ a∧ x, a⇒ | f (x)− L(a)| < ǫ) .

To complete the proof, it is only necessary to observe that if|x−y| < ǫ for all standardǫ, thenx≈ y. We
prove this in ACL2(r) by finding an explicit standardǫ0 such that ifx0 y, then|x−y| > ǫ0. The details of
that proof are tedious and not very elucidating, so we omit them from this discussion3. Once that lemma
is proved, however, it follows that limx→a f (x) = L(a) using the non-standard definition:

x≈ a∧ x, a⇒ f (x) ≈ L(a).

These results show that the three definitions of limit are indeed equivalent, at least whenf andL are
classical, anda is standard.

4 Continuity of Functions

Now we consider the notion of continuity. The functionf is said to be continuous ata if lim x→a f (x) =
f (a). Since this uses the notion of limit, it is no surprise that there are three different characterizations
which are equivalent (for standard functions and parameters):

• The non-standard definition (for standard parametera):

f is continuous ata⇔ ((∀x)x≈ a∧ x, a⇒ f (x) ≈ f (a)) .

• The traditional definition over the classical reals:

f is continuous ata⇔
(

(∀stǫ > 0)(∃stδ > 0)(0< |x−a| < δ⇒ | f (x)− f (a)| < ǫ)
)

.

• The traditional definition over the hyperreals:

f is continuous ata⇔ ((∀ǫ > 0)(∃δ > 0)(0< |x−a| < δ⇒ | f (x)− f (a)| < ǫ)) .

What this means is that the notion of continuity can be completely reduced to the notion of limits. In
particular, the results from Section 3 can be functionally instantiated to derive the results for continuity.
It is only necessary to instantiate both functionsf (x) andL(x) to the same functionf (x).

3The interested reader can consult the definition ofstandard-lower-bound-of-diff which produces
the constant ǫ0 mentioned above, and the lemmasstandards-are-in-order-2, standards-are-in-order,
rlfn-classic-has-limits-step-3, and the more trivial lemmas leading up to the main theorem
rlfn-classical-has-a-limit-using-nonstandard-criterion.
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5 Differentiability of Functions

Next, we consider differentiability. At first sight, it appears that we can also define differentiability in
terms of limits. After all,f ′ is the derivative off iff

lim
ǫ→0

f (x+ ǫ)− f (x)
ǫ

= f ′(x).

The problem, however, is that the difference quotient on the left of the equation is a function of both
x andǫ, and having free variables complicates functional instantiation when non-classical functions are
under consideration. So we chose to prove this result essentially from scratch, although the pattern is
very similar to the equivalence of limits.

Before proceeding, however, it is worth noting one other equivalence of interest. The non-standard
definition of differentiability is as follows:

standard(a)∧ x1 ≈ a∧ x1 , a∧ x2 ≈ a∧ x2 , a⇒
(

¬large

(

f (x1)− f (a)
x1−a

)

∧ f (x1)− f (a)
x1−a

≈ f (x2)− f (a)
x2−a

)

.

The form of this definition was chosen because it does not havea dependency onf ′, so it can be applied
to functions even when their derivative is unknown. However, when f ′ is known, a simpler definition
can be used:

standard(a)∧ x ≈ a∧ x, a⇒
(

f (x)− f (a)
x−a

≈ f ′(a)

)

.

In fact, this latter form is the definition of differentiability that was used in [6]. In that context, ACL2(r)
was able to automatically definef ′ from the definition off , so f ′ was always known and the simpler
definition was appropriate.

So the first result we show is to relate the definitions of differentiable and derivative. To do so, we
can begin with a differentiable functionf and definef ′ (for standarda) as follows:

f ′(a) ≡ standard part

(

f (a+ ǫ)− f (a)
ǫ

)

whereǫ is a fixed but arbitrary, positive, small real, e.g.,(/ (i-large-integer)). By assumption,
the difference quotient ata is not large forx1 = a+ ǫ. Since f ′(a) is defined as the standard part of the
difference quotient, it follows that it really is close to the difference quotient, sof ′ really is the derivative
of f .

Conversely, supposef ′ is the derivative off . Since f ′ is classical anda is standard, it follows that
f ′(a) is standard, and in particular it is not large. Therefore, for any x1 such thatx1 ≈ a and x1 , a,
the difference quotient atx1 must be close tof ′(a) (by definition of derivative). It follows then that the
difference quotient atx1 is not large, since it’s close to something that is not large.Moreover, since≈ is
transitive, ifx2 is also such thatx2 ≈ a andx2 , a, then the difference quotients atx1 andx2 are both close
to f ′(a), so they must also be close to each other. Thus,f is differentiable according to the non-standard
criterion. This simple argument is sufficient to combine the results of differentiability in ACL2(r) with
the automatic differentiator described in [6], making the automatic differentiator much more useful, since
the notion of differentiability it uses is now consistent with the main definition in ACL2(r).

Next, we show that the non-standard definition of derivativeis equivalent to the traditional definition
(both for the hyperreals and for the standard reals). The proof is nearly identical to the corresponding
proof about limits, so we omit it here.
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Discussion

There is a possible misconception that needs to be corrected. We have shown that the three different
notions of differentiability are equivalent in principle. However, this is far from sufficient in practice.

To understand the problem, consider a function such asxn, which may be represented in ACL2(r)
as(expt x n). In a real application of analysis, we may want to show thatf (x) = x− x2n achieves its
maximum value atx= 1/

2n−1√
2n. ACL2(r) has the basic lemmas that are needed to do this:

• d(xn)
dx = n · xn−1 (at least for standardn)

• Chain rule

• Extreme value theorem (EVT)

• Mean value theorem (MVT)
But these lemmas cannot be used directly. Consider the chainrule, for example. Its conclusion is about
the differentiability of f ◦g, and the notion of differentiability is the non-standard definition. What this
means is that the functionsf andg cannot be instantiated with pseudo-lambda expressions, sof andg
must be unary, and that rules outxn which is formally a binary function, even if we think of it as unary
becausen is fixed.

Moreover, suppose that we have a stronger theorem, namely that

d(xn)
dx
= n · xn−1

for all n, not just the standard ones. It’s possible to prove this using induction and the hyperreal definition
of differentiability (since it’s a purely classical definition, soinduction can be used over all the naturals,
not just the standard ones). Suppose we want to invoke the MVTon xn over some interval [a,b]. It is
not possible to use the equivalence of the hyperreal and non-standard definitions. The reason, again, is
that the non-standard definition is non-classical, so we cannot use pseudo-lambdas in functional instanti-
ations. Even though the two definitions of differentiability are equivalent for arbitrary (unary)f (x), they
are not equivalent for the functionxn (which is binary).

It may seem that this is an unnecessary limitation in the partof ACL2(r). But actually, it’s just part of
the definition. The non-standard definition says that the difference quotient off is close tof ′ at standard
pointsx. It says nothing about non-standard points. But when a binary function is considered, e.g.,xn,
what should happen whenx is standard butn is not? In general, the difference quotient neednot be close
to the derivative.

This fact can be seen quite vividly by fixingx= 2 andN an arbitrary (for now), large natural number.
Is the derivative with respect tox of xn close to the difference quotient whenx = 2 andn = N? The
answer can be no, as the following derivation shows:

(2+ ǫ)N −2N

ǫ
=

(2N +Nǫ2N−1+
(

N
2

)

ǫ22N−2+ · · ·+ ǫN)−2N

ǫ

=
Nǫ2N−1+

(

N
2

)

ǫ22N−2+ · · ·+ ǫN

ǫ

=
ǫ(N2N−1+

(

N
2

)

ǫ2N−2+ · · ·+ ǫN−1

ǫ

= N2N−1+

(

N
2

)

ǫ2N−2+ · · ·+ ǫN−1
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All terms except the first have a factor ofǫ, so if N were limited, those terms would be infinitesimally
small, and thus the derivative would be close to the difference quotient. But ifN is large,

(

N
2

)

=
N(N−1)

2

is also large. And ifN = ⌈1/ǫ⌉, then
(

N
2

)

ǫ is roughlyN/2, which is large. So the difference between the
difference quotient and the derivative is arbitrarily large!

This shows that it is not reasonable to expect that we can convert from the traditional to the non-
standard definition of derivative in all cases. Therefore, we cannot use previously proved results, such as
the MVT directly.

A little subterfuge resolves the practical problem. What must be done is to prove a new version of the
MVT (and other useful theorems about differentiability) for functions that are differentiable according
to the ǫ-δ criterion for reals or hyperreals, as desired. Of course, the proofs follow directly from the
earlier proofs. For instance, suppose thatf (x) is differentiable according to the hyperreal criterion.
Then, we can use the equivalence theorems to show thatf (x) is differentiable according to the non-
standard criterion. In turn, this means that we can prove theMVT for f (x) using functional instantiation.
Now, the MVT is a classical statement, so we instantiate it functionally with pseudo-lambda expressions.
E.g., we can now use the MVT onf (x) → (λ(x)xn). So even though we cannot say thatxn satisfies
the non-standard criterion for differentiability, we can still use the practical results of differentiability,
but only after proving analogues of these theorems (e.g., IVT, MVT, etc.) for the classical versions of
differentiability. The proof of these theorems is a straightforward functional instantiation of the original
theorems. We have done this for the key lemmas about differentiation (e.g., MVT, EVT, Rolle’s Theorem,
derivative composition rules, chain rule, derivative of inverse functions). We have also done this for some
of the other equivalences, e.g., the Intermediate Value Theorem for continuous functions.

6 Integrability of Functions

The theory of integration in ACL2(r) was first developed in [4], which describes a proof of a version
of the Fundamental Theorem of Calculus (FTC). The version ofthe FTC presented there is sometimes
called the First Fundamental Theorem of Calculus, and it states that if f is integrable, then a function
g can be defined asg(x) =

∫ x

0
f (t)dt, and thatg′(x) = f (x). As part of this proof effort, we redid the

proof in [4], and generalized the result to what is sometimescalled the Second Fundamental Theorem of

Calculus. This more familiar form says that iff ′(x) is continuous on [a,b], then
∫ b

a
f ′(x)dx= f (b)− f (a).

The integral formalized in [4] is the Riemann integral, and the non-standard version of integrability
is as follows:

∫ b

a
f (x)dx= L⇔ (∀P)

(

P is a partition of [a,b]∧ small(||P||)⇒ Σxi∈P ( f (xi)(xi − xi−1)) ≈ L
)

P is a monotonically increasing partition of [a,b] if P is given by a listP = [x1, x2, . . . , xn] with x1 = a
andxn = b. The term||P|| denotes the maximum value ofxi − xi+1 in the partitionP.

The traditional definition uses limits instead of the notionof infinitesimally close. It can be written
as follows:

∫ b

a
f (x)dx= L⇔ lim

||P||→0

(

Σxi∈P ( f (xi)(xi − xi−1))
)

≈ L.

The notion of limit is strange here, because what approaches0 is ||P||. Many partitions can have the same
value of||P||, so this limit ranges over all such partitions at the same time.
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Opening up the definition of limits, integrals can be expressed as follows:

∫ b

a
f (x)dx= L⇔

(∀ǫ > 0)(∃δ > 0)(∀P)
(

P is a partition of [a,b]∧ ||P|| < δ⇒
∣

∣

∣Σxi∈P ( f (xi)(xi − xi−1))− L
∣

∣

∣ < ǫ
)

.

Once integrals are viewed in this way, the remainder of the proof is clear. Specifically, it follows the
same line of reasoning as in Section 3. First, theδ that exists depends ona, b, andǫ, so it is standard
when those are standard. Second, since there is a standardδ that is sufficient, any infinitesimal can take
the place ofδ, and then the condition||P|| < δ can be recast assmall(||P||). Finally, since the Riemann sum
is within ǫ of L, for an arbitrary, positive, standardǫ, it must be that the Riemann sum is infinitesimally
close toL. So the two definitions are, in fact, equivalent.

7 Conclusions

In this paper, we showed how the non-standard definitions of traditional concepts from analysis are in
fact equivalent to the traditionalǫ-δ definitions. The results are especially important in ACL2(r) be-
cause the non-standard definitions feature non-classical notions, such as “infinitely close” and “infinitely
small.” Consequently, they are limited in the use of induction and functional instantiation. However, the
traditional notions are (by definition) classical, so they are unencumbered by such limitations.

This presents an interesting dilemma. In our experience, analysis style proofs are much easier to do
and automate using non-standard analysis. However,using those results in subsequent proof attempts
is much easier to do with the traditional (i.e., classical) statements. The distinction we’re making is
betweenproving the correctness of Taylor’s Theorem, say, and actuallyusing Taylor’s Theorem in a
larger verification effort. For example, the formalization of Taylor’s Theorem in [9] took extreme care
to push free variables (including what were really summation indexes for the series) all the way into the
originalencapsulate introducing the function to be approximated. However, now that the equivalences
are proved, a more elegant approach can be followed: First, prove a “clean” version of Taylor’s Theorem
using NSA, then use that result to show that Taylor’s Theoremalso holds using the traditional definition
of derivative. The “traditional” version of Taylor’s Theorem would then be used with no restrictions
during functional instantiation, so free variables would no longer present a problem. We plan to pursue
this idea for Taylor’s Theorem in the near future, as part of acomprehensive verification effort into
the implementation of hardware algorithms for square root and various trigonometric and exponential
functions.
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