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We propose a novel form of classification of multipartite states, in terms of the maximum degree of
non-locality they can exhibit under any choice of local observables. This uses the hierarchy of notions
previously introduced by Abramsky and Brandenburger: strong contextuality, logical contextuality,
and probabilistic contextuality.

We study n-qubit pure states. We conjecture that for more than 2 parties, all entangled states are
logically contextual. We prove a number of results in support of this conjecture: (1) We show thatall
permutation-symmetric states are logically non-local. (2) We study the class ofbalanced states with
functional dependencies. These states are described by Boolean functions and have a rich structure,
allowing a detailed analysis, which again confirms the conjecture in this case.

1 Introduction

A general understanding of the structure of multipartite entangled quantum states has proved elusive.
The picture given by the SLOCC classification [6, 10] does notyield much insight beyond the tripartite
case. Thus it seems worthwhile to consider other approaches.

Our starting point is the hierarchy of empirical models established in [3]. An empirical model is a
probability table describing measurement outcomes, familiar from Bell-type theorems. Such a table can
be realized in quantum mechanics by fixing a multipartite state, and a set of local observables at each
site.

In [3], a general approach was developed which unifies the study of non-locality and contextuality.
One of the key points which emerged from this analysis is thatthree grades or degrees of contextuality/non-
locality for empirical models can be distinguished, and shown to form a strict hierarchy:

• A model isstrongly contextualif its support has no global section; that is, there is no simultaneous
assignment of outcomes to all the measurements whose restriction to each compatible set of mea-
surements is in the support. Strong contextuality has a number of equivalent characterizations. In
quantum mechanics, the model generated by the GHZ state withX andY local observables pro-
vides a standard example of strong contextuality; while PR boxes [12] are super-quantum devices
exhibiting strong contextuality.

• A model is logically (or relationally or possibilistically) contextualif the following holds. Let
U1, . . . ,UN be the compatible families of measurements. LetSi be the support of the model on the
joint outcomes forUi. Then for somej, there is a proper subsetSof Sj such that the set of global
sections which are compatible withSi , i 6= j, all restrict toSatU j . This says that there are events
in the support atU j which are not consistent with the supports of the other measurement contexts,
when viewed as constraints on a putative global section or hidden variable. This condition captures
in a precise way the idea of giving a proof of Bell’s theorem without inequalities or probabilities
[7, 11, 4, 8, 14]. It is characteristic of the well-known Hardy construction [8], which is logically
but not strongly contextual.
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• Finally, a model isweakly contextualif it is contextual, but neither strongly nor logically contex-
tual.

These notions form a proper hierarchy. In our setting, non-locality is a special case of contextuality.
Strong contextuality implies logical contextuality, which implies contextuality in the usual sense. There
are weakly contextual models which are not logically contextual, and logically contextual models which
are not strongly contextual.

We now turn to the issue of classifying quantum states in terms of their non-locality properties.1 In
particular, we shall focus onn-qubit pure states. If we fix local observables for each party, such a state
gives rise to a probability model as above. We can lift the properties of models to states.

• We say that a state is strongly non-local if forsomechoice of local observables for each party, the
resulting empirical model is strongly contextual.

• We can similarly define logical non-locality for states; we say that a state is logically non-local if
for some choice of local observables, the resulting empirical model is logically non-local; while
the state isnot strongly non-local.

• Finally, a state is probabilistically non-local if it is non-local, but neither of the previous two cases
apply.

This gives rise to a natural and challenging problem:

Characterize the multipartite states in terms of their maximum degree of non-locality.

We believe that an answer to this problem will shed considerable light on the structure of multipartite
states, not least because it will necessitate solving the following task:

Given a multipartite state, find local observables which witness its highest degree of non-locality.

This problem motivates the following

Conjecture 1.1 For every n> 2, every n-partite entangled state is logically non-local.

Part of the thinking behind this conjecture is that the bipartite case may actually be anomalous within the
landscape of multipartite entangled states. For example, the only strongly contextual bipartite models
are the PR-boxes, which are of course not quantum realizable. By contrast, for alln> 2, then-partite
GHZ states are strongly contextual [3]. Moreover, it is known that in the bipartite case, all entangled
statesexceptthe maximally entangled ones admit Hardy arguments, and hence are logically contextual
[8]; and it seems to be folklore that this holds generally, and that a Hardy-type argument requires some
symmetry-breaking. However, as we shall see in the next section, for n> 2 a different picture emerges.

In the remainder of this extended abstract, we shall report on progress towards proving the conjecture:

• In Section 2, we shall show thatall permutation-symmetric states are logically non-local. This
makes use of results from [13], which imply that all non-maximally permutation-symmetric states
are logically contextual, combined with a direct argument to show that the Dicke states [5], the
maximally permutation symmetric states, are logically contextual with respect toX andZ local
observables.

• In Section 3, we consider a class of highly non-permutation-symmetric entangled states, thebal-
anced states with functional dependencies. These states are described by Boolean functions, and
have a rich structure, allowing a detailed analysis, which again confirms the conjecture in this case.

1Since we are in the case of Bell-type scenarios as standardlydiscussed in non-locality theory, we shall use the terminology
of non-locality rather than contextuality.
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2 Permutation-symmetric states

A permutation-symmetricn-qubit state is one which is invariant under the action of thefull symmetry
groupSn. A natural basis for the permutation-symmetric states is provided by theDicke states[5], which
are also physically significant. For eachn≥ 2, 0< k< n we define:

S(n,k) := K ∑
perm

|0k1n−k〉.

HereK =
(n

k

)−1/2
is a normalization constant, and we sum over all products ofk 0-kets andn−k 1-kets.

The well-knownW state is theS(3,2) Dicke state in the above notation.

Proposition 2.1 For each n> 2, and0< k< n, the Dicke state S(n,k) is logically non-local.

Proof Note that we exclude the casesk= 0 andk= n, since in these casesS(n,k) = |0n〉 or |1n〉, and
these are obviously product states. We also exclude the bipartite case, for whichS(2,1) is the EPR state
|01〉+|10〉√

2
. The bipartite case seems anomalous in a number of respects.

We shall fix the observablesX andZ in each party.
A Dicke stateS(n,k) gives rise to an(n,2,2) probability model, with a choice of two dichotomic

observables,X or Z, at each site. This table has 2n rows, corresponding to the possible choices of an
observable at each site. We shall focus firstly on then(n−1)

2 rowsr i j , whereX observables are selected at
sitesi and j, andZ observables at the remaining sites. LetSi j be the support of the model at rowr i j .

Now consider any joint outcomes for this row in which there arek +-outcomes and(n− k) −-
outcomes, and the outcome forXi is different to the outcome forX j . We claim thats is not in Si j . If
we compute the inner product whose squared norm gives the probability for s, we see that there are two
terms, of the form+1/c and−1/c respectively. Thus the probability ofs is 0, and it is not in the support.
We can express this in logical terms by saying thatSi j satisfies the formula

∧

k6=i, j,s(k)=+

zk ∧
∧

k6=i, j,s(k)=−
¬zk ⇒ (xi ↔ x j). (1)

We now consider the row whereZ measurements are selected by every party. The support of this row is
described by the formula

∨

π
[

k
∧

i=1

zπ(i) ∧
n
∧

j=k+1

¬zπ( j)]. (2)

This is the logical counterpart of the description ofS(n,k) in theZ-basis.
From each disjunctD of (2) together with the relevant instances of (1), we can prove thatxi ↔ x j for

all i, j such thatzi andzj appear with opposite polarity inD. Note that, by the conditions onk andn,
both polarities do appear inD. By the transitivity of logical equivalence, it follows that xi ↔ x j can be
derived for alli, j. ThusD, together with the formulas (1), implies the formula

∧

i, j

xi ↔ x j . (3)

Thus (2) together with the conjunction of all instances of (1) implies (3).
It follows that any global section which satisfies these formulas must restrict to just two joint out-

comes in the row whereX measurements are selected by every party, namely those withthe same out-
come at every part.
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To complete the argument, it suffices to show that these two outcomes form a proper subset of the
support at that row. If we calculate the probability for eachof these events, we obtain





(n
k

)

(
√

2)n
√

(n
k

)





2

=

(n
k

)

2n .

Thus we must show that
(n

k

)

2n <
1
2
,

or equivalently
(

n
k

)

< 2n−1 =
n−1

∑
l=0

(

n−1
l

)

which follows from Pascal’s rule:
(

n
k

)

=

(

n−1
k−1

)

+

(

n−1
k

)

.

Note however that to obtain a strict inequality, we need the assumption thatn> 2; the argument for the
EPR stateS(2,1) fails at exactly this point. �

Using the results of [?], we automatically obtain a logical Bell inequality which is violated byS(n,k);
the violation is

1 −
(n

k

)

2n−1 .

We also note that logical non-locality is preserved by the action of local unitariesU1⊗·· ·⊗Un. If a
state|ψ〉 is logically non-local with respect to measurement bases

η+
1 ,η−

1 , . . . ,η+
n ,η−

n ,

thenU1⊗·· ·⊗Un|ψ〉 is logically non-local with respect to the measurement bases

U1η+
1 ,U1η−

1 , . . . ,Unη+
n ,Unη−

n .

This follows since inner products and hence probabilities are preserved:

〈U1η±
1 ⊗·· ·⊗Unη±

n | (U1⊗·· ·⊗Un)|ψ〉〉 = 〈(U1⊗·· ·⊗Un)η±
1 ⊗·· ·⊗η±

n | (U1⊗·· ·⊗Un)|ψ〉〉
= 〈(U1⊗·· ·⊗Un)

†(U1⊗·· ·⊗Un)η±
1 ⊗·· ·⊗η±

n |ψ〉
= 〈η±

1 ⊗·· ·⊗η±
n |ψ〉.

Thus the orbits of the Dicke states under the actions of localunitaries are all logically non-local.

Theorem 2.2 All permutation-symmetric n-partite entangled states, for n > 2, are logically non-local.

Proof In [13] it is shown that all permutation-symmetric statesexceptthe unitary orbit of the Dicke
states admit a Hardy argument, making use of the Majorana representation of permutation-symmetric
states. This is easily converted into a proof of logical non-locality. The theorem now follows by combin-
ing this result with Proposition 2.1. �
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3 Functionally dependent states

We now turn to a class of highly non-permutation-symmetric states.
For eachn ≥ 2, a n-ary Boolean function is a functionF : {0,1}n → {0,1}. Eachn-ary Boolean

function can be expressed as a multivariate polynomial overGL(2):

F(x1, . . . ,xn) = a0+∑
i

ai
1xi +∑

i, j

ai, j
2 xix j + . . .+a1,2,...,n

n x1x2 . . .xn

There are 2n = 1+ n+
(n

2

)

+ . . .+
(n

n

)

summands in the expression of the above polynomial, each of

which containing a binary coefficientai1,...,it
t . Hence there are 22n

distinct n-variate polynomials over
GF(2). Alternatively, eachn-ary Boolean function can be expressed as a propositional formula in the
Boolean variablesx1, . . . ,xn [9].

We define a balancedn+1-qubit quantum state with a functional dependency given bya n-variate
polynomialF as above to be a state which has the form

ΨF(n+1) =
1√
2n

11...1

∑
q1q2...qn=00...0

|q1q2 . . .qnF(q1,q2, . . . ,qn)〉

when expressed in theZ-basis.
In the rest of this section we shall classify the balanced functionally dependentn+1-qubit quantum

states in terms of their contextuality properties. We shalldo this first for the three-partite case. A
classification of then+ 1-qubit states forn > 2 can then be obtained using the results from the three-
partite scenarios.

3.1 The three-partite case

3.1.1 Polynomials of degree zero

There are 22
2
= 16 three-partite balanced states with a functional dependency. Two of these, namely

1
2
|000〉+ |010〉+ |100〉+ |110〉 =

( |0〉+ |1〉√
2

)⊗2

⊗|0〉

and
1
2
|001〉+ |011〉+ |101〉+ |111〉 =

( |0〉+ |1〉√
2

)⊗2

⊗|1〉

are obviously product states, and hence non-contextual. They correspond to the constant polynomials
F0(q1,q2) = 0 andF1(q1,q2) = 1 respectively.

3.1.2 Degree one polynomials

There are six states whose corresponding polynomials have degree one. Two of these are given by the
functional dependencies which correspond to the two-variable propositional formulasXORandNXOR.
Another four states are given by so-called dictatorships, i.e. the value of the last qubit is dictated either
by the value of the first qubit or by the value of the second qubit. We shall look at these two classes of
states below.
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3.1.3 XOR and NXOR

The polynomials corresponding to theXORandNXORstates have the formFa
XOR(q1,q2) = a+q1+q2

with a= 0 for XORanda= 1 for NXOR.

Theorem 3.1 The XOR state is strongly contextual if each party chooses between Y and Z measure-
ments.

Proof The support of the probability table for theXORstate is
+++ ++− +−+ +−− −++ −+− −−+ −−−

YYY 1 1 1 1 1 1 1 1
YYZ 0 1 1 0 1 0 0 1
YZY 0 1 1 0 1 0 0 1
ZYY 0 1 1 0 1 0 0 1
YZZ 1 1 1 1 1 1 1 1
ZYZ 1 1 1 1 1 1 1 1
ZZY 1 1 1 1 1 1 1 1
ZZZ 1 0 0 1 0 1 1 0

One can simply inspect the table above and check that none of the sections in the support of theZZZ
row can be extended to global sections (i.e. each possible global assignment consistent with the support
of theZZZ row will restrict to a section outside the support on at leastone of the three rowsYYZ, YZY
andZYY). Thus there cannot be any global assignment of outcomes whose restriction to each set of
compatible measurements is in the support of the model.

It is worth at this point to give a more formal expression to this argument in order to gain a better un-
derstanding of what is actually going on. For this recall that the+ and− eigenstates of theZ observable
are |0〉 and |1〉 respectively while for theY observable they are (modulo some normalization constant
which does not play any role in our argument)|y+〉 := |0〉+ i|1〉 and|y−〉 := |0〉− i|1〉 respectively

We start our argument by assuming that a global section does exist. Assume next that this global
section makes the assignmentz3 =+. The probability of obtaining the outcomez1z2+ with zi ∈ {+,−}
is given by the squared norm of the inner product

〈ez1ez20|XOR〉= 〈ez1ez20|
|000〉+ |011〉+ |101〉+ |110〉

2
wheree+ = 0 ande− = 1. If we regard eachezi as an element ofGF(2) then the inner product above is
non-zero only if

F0
XOR(ez1,ez2) = ez1 +ez2 = 0

So the sections in the support of theZZZ for which z3 =+ must havez1 = z2, as the table confirms.
Next consider theYYZset of compatible measurements. The probability (modulo normalization

constants) of obtaining the outcomey1y2+ with yi ∈ {+,−} for this set of measurements is given by the
squared norm of the inner product

〈yy1yy20|XOR〉= 〈yy1yy20|
|000〉+ |011〉+ |101〉+ |110〉

2
(4)

We have

〈y+y+|= 〈00|+ i〈01|+ i〈10|− 〈11|
〈y+y−|= 〈00|− i〈01|+ i〈10|+ 〈11|
〈y−y+|= 〈00|+ i〈01|− i〈10|+ 〈11|
〈y−y−|= 〈00|− i〈01|− i〈10|− 〈11|
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and sinceF0
XOR(0,1) = F0

XOR(1,0) 6= 0 the imaginary part of the tensor products above will not bring any
contribution towards the value of the inner product (4). Theonly contribution will come from the real
part of the tensor products above, and it is easy to see that the inner product (4) will vanish wheny1 = y2.
So we must havey1 6= y2 in any global assignment which sendsz3 to+ in order to stay within the support
of theYYZrow.

On the other hand, the probabilities of obtaining the outcomesy1zy3 andzy2y3, wherez= z1 = z2,
for theYZYandZYYsets of compatible measurements are given by the inner products

〈yy1ezyy3|XOR〉= (〈0ez0|+ iy3〈0ez1|+ iy1〈1ez0|− (y1y3)〈1ez1|) |XOR〉 (5)

〈ezyy2yy3|XOR〉= (〈ez00|+ iy3〈ez01|+ iy2〈ez10|− (y2y3)〈ez11|) |XOR〉 (6)

If ez= 0 the imaginary part of the two expressions in (6) will be equal to zero for all values ofyi . If ez= 1
the real part of the two expressions in (6) will vanish for allvalues ofyi . In the first case the expressions
are non-zero only ify1 = y2 = −y3 and in the second case they are non-zero only ify1 = y2 = y3. But
both these assignments violate the previous requirement that y1 6= y2.

So far we have established the fact that no global section canassign the outcome+ to z3. If on
the other hand the outcome− is assigned toz3, we can construct a similar argument which yields a
contradiction. This time the sections in the support ofZZZ for which z3 = − must havez1 = −z2. The
sections in the support ofYYZmust havey1 = y2, while those in the support ofYZYandZYYmust either
havey1 =−y3 =−y2 for ez2 = 0, ez3 = 1 or y1 = y3 =−y2 for ez2 = 1 andez3 = 0. �

Theorem 3.2 The NXOR state is also strongly contextual if each party chooses between Y and Z mea-
surements.

Proof The support of the probability table for theNXORstate is

+++ ++− +−+ +−− −++ −+− −−+ −−−
YYY 1 1 1 1 1 1 1 1
YYZ 1 0 0 1 0 1 1 0
YZY 1 0 0 1 0 1 1 0
ZYY 1 0 0 1 0 1 1 0
YZZ 1 1 1 1 1 1 1 1
ZYZ 1 1 1 1 1 1 1 1
ZZY 1 1 1 1 1 1 1 1
ZZZ 0 1 1 0 1 0 0 1

The argument for strong contextuality follows the same pattern as for theXORstate. We assume by
contradiction that a global section exists, and that it makes the assignmentz3 = +. Then from theZZZ
row we obtain the requirement thatz1 6= z2. From theYYZrow we obtain thaty1 = y2 and from theYZY
andZYY rows we obtain thaty1 6= y2, which is a contradiction.

Similarly, if z3 =− we must havez1 = z2 andy1 6= y2 from theZZZandYYZrows. This means we
must also havey1 = y2 from theYZYandZYY rows, which again is a contradiction.

Note at this point that the similarity between these two arguments for strong contextuality is due
to the similar structure of the tables for theXORan NXORstates. Namely, the second table can be
obtained from the first by interchanging the+ and− signs which label the table columns. Thus the
second argument is the same as the first, only with the+ and− signs interchanged. �
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3.1.4 Dictatorships

The four degree one polynomials of the formFa
1 (q1,q2)= a+q1 andFa

1 (q1,q2)= a+q2 wherea∈ {0,1}
correspond to the so-called dictatorship states, where thevalue of the last qubit is dictated by the value
of either the first or of the second qubit. In theZ basis these states are

∆+
2 :=

|0〉+ |1〉√
2

⊗ |00〉+ |11〉√
2

or

∆−
2 :=

|0〉+ |1〉√
2

⊗ |01〉+ |10〉√
2

if the dictatorship is given by the second qubit. Similarly,if the dictatorship is given by the first qubit,
we have two possible states

∆+
1 :=

|02〉+ |12〉√
2

⊗ |0103〉+ |1113〉√
2

and

∆−
1 :=

|02〉+ |12〉√
2

⊗ |0a13〉+ |1103〉√
2

where the subscripts 1, 2 and 3 indicate whether the qubit belongs to the first, second or third party
respectively.

Proposition 3.3 The four dictatorship states are weakly contextual for suitable dichotomic choices of
measurements.

Proof
Consider the general form of an observable, given in terms ofanglesθ andφ on the Bloch sphere

U(θ ,φ) :=

(

cosθ e−iφ sinθ
eiφ sinθ −cosθ

)

We will use the fact that the bell basis statesΦ+ = |00〉+|11〉√
2

andΦ− = |00〉+|11〉√
2

are weakly contextual
with respect to suitable choices of measurements.

It can be machine checked that the stateΦ+ is weakly contextual if we allow each party to choose
between the measurementsA :=U

(π
2 ,

π
8

)

andB :=U
(π

2 ,
5π
8

)

, while the stateΦ− is weakly contextual if
we allow each party to choose between the measurementsC :=U

(π
8 ,

π
2

)

andD :=U
(

5π
8 , π

2

)

In fact, it can also be machine checked that this choice of measurements gives a maximal violation
of Bell inequalities for both states.

The probability models of the dictatorship states can be obtained from the probability models of the
statesΦ+ andΦ− in a straightforward way. Let|+A〉 and|−A〉 stand for the eigenstates ofA and|+B〉
and|−B〉 stand for the eigenstates ofB.

Define the two constants

a+ : =
1√
2
(〈+A|0〉+ 〈+A|1〉)

a− : =
1√
2
(〈−A|0〉+ 〈−A|1〉)
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Note thata++a− = 1. Similarly, define the two constants

b+ : =
1√
2
(〈+B|0〉+ 〈+B|1〉)

b− : =
1√
2
(〈−B|0〉+ 〈−B|1〉)

Up to two decimal points precision, the probability table oftheΦ+ state for the observablesA andB is

++ +− −+ −−
AA 0.43 0.07 0.07 0.43
AB 0.07 0.43 0.43 0.07
BA 0.07 0.43 0.43 0.07
BB 0.07 0.43 0.43 0.07

The inner product formula for computing probabilities implies that the probability table of the dicta-
torship state∆+

2 can be expressed in terms of the constantsa+, a−, b+ andb− and the probability table
of Φ+:

+++ ++− +−+ +−− −++ −+− −−+ −−−
AAA 0.43a+ 0.07a+ 0.07a+ 0.43a+ 0.43a− 0.07a− 0.07a− 0.43a−
AAB 0.07a+ 0.43a+ 0.43a+ 0.07a+ 0.07a− 0.43a− 0.43a− 0.07a−
ABA 0.07a+ 0.43a+ 0.43a+ 0.07a+ 0.07a− 0.43a− 0.43a− 0.07a−
ABB 0.07a+ 0.43a+ 0.43a+ 0.07a+ 0.07a− 0.43a− 0.43a− 0.07a−
BAA 0.43b+ 0.07b+ 0.07b+ 0.43b+ 0.43b− 0.07b− 0.07b− 0.43b−
BAB 0.07b+ 0.43b+ 0.43b+ 0.07b+ 0.07b− 0.43b− 0.43b− 0.07b−
BBA 0.07b+ 0.43b+ 0.43b+ 0.07b+ 0.07b− 0.43b− 0.43b− 0.07b−
BBB 0.07b+ 0.43b+ 0.43b+ 0.07b+ 0.07b− 0.43b− 0.43b− 0.07b−

Note also that the table of the dictatorship state∆+
1 will have the same values as the one above, but

the rows will be indexed in the orderAAA, AAB, BAA, BAB, ABA, ABB, BBA, BBB, since the coefficients
a+/− andb+/− come from the second qubit’s contribution to the inner product.

It is now straightforward to deduce that the states∆+
1 and∆+

2 are indeed weakly contextual for the
same choice of measurements for which theΦ+ state is weakly contextual, since any probability distri-
bution on the set of global sections of one of these two dictatorship states would restrict to a probability
distribution on the set of global sections of theΦ+ state.

Next note that up to two decimal points precision, the probability table of theΦ− state for the ob-
servablesC andD is

++ +− −+ −−
AA 0.43 0.07 0.07 0.43
AB 0.07 0.43 0.43 0.07
BA 0.07 0.43 0.43 0.07
BB 0.07 0.43 0.43 0.07

and the probability tables of the∆−
1 and∆−

2 dictatorship states can be expressed in terms of the table
above and four suitably defined constantsc+/− andd+/−, so by analogy with the∆+

1 and∆+
2 case, these

states will also be weakly contextual. �
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Theorem 3.4 None of the four dictatorship states is logically contextual, for any dichotomic choice of
measurements.

Proof The relationship between probability tables discussed in Proposition 3.3 allows us to reduce
the problem to the bi-partite scenario. Thus we seek to provethat neither of the two Bell basis states is
logically contextual for any given choice of measurements.

Let A :=U(θ1,φ1) andB := U(θ2,φ2). Let c, s and f stand for cosθ1
2 , sinθ1

2 andeiφ1 respectively.
Similarly, let k, z and v stand for cosθ2

2 , sinθ2
2 and eiφ2 respectively. Then the general form of the

probability model of theΦ+ state is

++ +− −+ −−
AA |c2+ f 2 ·s2|2 |cs− f 2 ·cs|2 |cs− f 2 ·cs|2 |s2+ f 2 ·c2|2
AB |ck+ f v ·sz|2 |cz− f v ·sk|2 |sk− f v ·cz|2 |sz+ f v ·ck|2
BA |ck+ f v ·sz|2 |sk− f v ·cz|2 |cz− f v ·sk|2 |sz+ f v ·ck|2
BB |k2+v2 ·z2|2 |kz−v2 ·kz|2 |kz−v2 ·kz|2 |z2+v2 ·k2|2

In most cases, all of the sections in the model ofΦ+ will be in the support, in which case the
state is clearly not logically contextual. However, for certain values ofc, f , v andk (which may be
chosen independently of each other) the entries of the tableabove may vanish, which will exclude certain
sections from the support. It suffices therefore to check that the resulting possibilistic models are not
logically contextual for any choices ofc, f , v andk (and implicitly also ofs andz) which would allow
one or more of the above table entries to vanish. We thereforeneed to consider each element in the
powerset of the following set of conditions onc, s, f , v, zandk:

C :=

{

c∨k∈ {0,±1}, f ∨v∈ {±1, ± i}, f =±1
v
, c=±s, k=±z, ck=±sz, cz=±sk

}

A computer can easily verify that no subset of the above set ofconditions leads to a logically contex-
tual probability model.

Finally, using the relation between probability tables from Proposition 3.3, we note that any global
section of the model above can be easily extended to a global section of the corresponding dictatorship
state model by adding the assignment+ to the third party’s outcome for theAmeasurement, ifa+ 6= 0 and
− otherwise, and similarly for the third party’s outcome corresponding to theB measurement. We can
therefore conclude that for all possible choices of measurements, the dictatorship states corresponding to
Φ+ can not be logically contextual.

For theΦ− state note that the observablesC :=U(φ1,θ1) andD :=U(φ2,θ2) will give the probability
model

++ +− −+ −−
AA |cs− f 2 ·cs|2 |c2+ f 2 ·s2|2 |s2+ f 2 ·c2|2 |cs− f 2 ·cs|2
AB |cz− f v ·sk|2 |ck+ f v ·sz|2 |sz+ f v ·ck|2 |sk− f v ·cz|2
BA |sk− f v ·cz|2 |ck+ f v ·sz|2 |sz+ f v ·ck|2 |cz− f v ·sk|2
BB |kz−v2 ·kz|2 |k2+v2 ·z2|2 |z2+v2 ·k2|2 |kz−v2 ·kz|2

wherec,k,s,z now takeφi/2 as arguments whilef andv takeθi as arguments.
We can show that this model is also not logically contextual,using an argument completely analogous

to the one used for theΦ+ state. Hence the dictatorship states corresponding to theΦ− state are also not
logically contextual. �
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3.1.5 Degree two polynomials

There are eight balanced functionally dependent states whose corresponding polynomials have degree
two. Four of these correspond to the two-variable propositional formulasAND, NAND, ORandNOR.
Their respective polynomials have the form

Fa
AND(q1,q2) = a+q1q2

and

Fa
OR= a+q1+q2+q1q2

with a= 0 for ANDandORanda= 1 for NANDandNOR.
The other four states correspond to logical implication andits negation. We useL1, L2, NL1 and

NL2 to denote the propositional formulasq1 ⇒ q2, q2 ⇒ q1 andq1 ⇒ q2, q2 ⇒ q1 respectively. The
polynomials corresponding to these propositional formulas are of the form

Fa
NLi

= a+qi +q1q2

with i ∈ {1,2}, a= 0 for NLi anda= 1 for Li.
All the eight states described above turn out to be logicallycontextual if we chooseY andZ mea-

surements in each part.

Theorem 3.5 The AND state is logically contextual.

Proof The support of the probability table for theANDstate is

+++ ++− +−+ +−− −++ −+− −−+ −−−
YYY 1 1 1 1 1 1 1 1
YYZ 1 1 1 1 1 1 1 1
YZY 1 1 0 1 1 1 1 0
ZYY 1 1 1 1 0 1 1 0
YZZ 1 0 1 1 1 0 1 1
ZYZ 1 0 1 0 1 1 1 1
ZZY 1 1 1 1 1 1 1 1
ZZZ 1 0 1 0 1 0 0 1

The global assignmentz1z2z3y1y2y3 =++++++ is clearly consistent with the support of theAND
table, so this state is not strongly contextual forY andZ measurements. However, not all sections in
the support can be extended to global sections. Consider forexample the sectiony1y2z3 = +−− which
is in the support. The only section on theZZZ row consistent with it isz1z2z3 = −−−. But it is now
impossible to assign an outcome toy3 which will make the resulting global section restrict to sections in
the support of both of the rowsYZYandZYY. In fact, there are only two sections in the support of the
YYZrow which cannot be extended to global ones. These are the sections where the twoY measurements
are assigned different outcomes, while theZ measurement is assigned the outcome−. �

Theorem 3.6 The NAND state is logically contextual.

Proof The support of the probability table for theNANDstate is
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+++ ++− +−+ +−− −++ −+− −−+ −−−
YYY 1 1 1 1 1 1 1 1
YYZ 1 1 1 1 1 1 1 1
YZY 1 1 1 0 1 1 0 1
ZYY 1 1 1 1 1 0 0 1
YZZ 0 1 1 1 0 1 1 1
ZYZ 0 1 0 1 1 1 1 1
ZZY 1 1 1 1 1 1 1 1
ZZZ 0 1 0 1 0 1 1 0

Note that this table can be obtained from theAND table by simply relabeling the columns. The relabeling
sends the first+ to+, the second+ to+ and the third+ to−, and it sends the first two−s to− and the
third one to+.

The same argument used in the proof of Theorem 3.5 can therefore be used to prove the logical
contextuality of theNANDstate, with the provision that the new labeling replaces theone used within
the old argument’s statements. �

Remark 3.7 The notation+++ 7→++− unambiguously describes the relabeling used in the proof of
Theorem 3.6, and we shall use this shorthand notation in further proofs.

Theorem 3.8 The OR, NOR, L1, NL1, L2 and NL2 states are all logically contextual.

Proof The support of the probability tables for these states are also obtained from theAND table by
column relabelings, so the argument used in the proof of Theorem 3.5 can again be used to prove the
logical contextuality of these states. The necessary relabelings are

1) +++ 7→ −−− for theORstate

2) +++ 7→ −−+ for NOR

3) +++ 7→+−− for L1

4) +++ 7→+−+ for NL1

5) +++ 7→ −+− for L2

6) +++ 7→ −++ for NL2

�

Remark 3.9 The relabelings above can also be used for the probability tables themselves, not only for
their supports, but only for Y , Z measurements. For general choices of measurements there is no simple
relation between the probability tables of the balanced states with functional dependency given by degree
two polynomials, nor between their supports.

3.2 Then+1-partite case forn> 2

We can use the results of the previous section to classify then+1-partite balanced states which have a
functional dependency. In the rest of this section, letFn denote a polynomial inn variables.
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3.2.1 Strongly contextual states

Theorem 3.10 Given a n+1-partite balanced quantum state whose functional dependency is given by
the polynomial Fn(q1, . . . ,qn), the state is strongly contextual if the polynomial Fn is of the form

Fn(q1, . . . ,qn) = qi +q j +Fn−2(q1, . . . , q̂i , . . . , q̂ j , . . . ,qn)

for some variables qi and qj and some polynomial Fn2.

Proof If Y andZ measurements are chosen by each party, then we can show that none of the sections
in the support of theZZZ. . .Z row can be extended to a global section.

Consider any fixed assignment of outcomes to theZ measurements performed by the firstn par-
ties, except theith and the jth party. Let σk ∈ {+,−}, k 6= i, j denote the outcome corresponding
to the measurement performed by thekth party. Next evaluate the polynomialFn−2 at the values of
q1, . . . , q̂i , . . . , q̂ j , . . . ,qn corresponding to the fixed assignment of outcomes, using theconvention that 0
corresponds to the+ outcome and 1 corresponds to the− outcome. Usea to denote the result of the
evaluation.

Depending on the value ofa we can use the argument made for the strong contextuality of either the
XORor theNXORstate in order to show that there is no consistent assignmentof outcomes which will
restrict to sections in the support for all four of the following rows:

Z . . .ZZiZ . . .ZZjZ . . .ZZ

Z . . .ZYiZ . . .ZYjZ . . .ZZ

Z . . .ZZiZ . . .ZYjZ . . .ZY

Z . . .ZYiZ . . .ZZjZ . . .ZY

As in the three-partite case, the contradiction comes from the fact that, depending on the value
of a and the outcome assigned to theZ measurement of thenth party, the outcomes of theYi andYj

measurements must be assigned equal values on the one hand, in order to be in the support of the
Z . . .ZYiZ . . .ZYjZ . . .ZZ row, but on the other hand, opposite values in order to be in the support of
the last two rows considered above, or viceversa.

Since this can be done for all possible assignments of outcomes to theZ measurements performed
by the firstn parties, the quantum state we are considering must be strongly contextual. �

3.2.2 Logically contextual states

Theorem 3.11 Any n+ 1-partite balanced quantum state whose functional dependency is given by a
polynomial Fn(q1, . . . ,qn) of degree at least two which is not of the form

Fn(q1, . . . ,qn) = qi +q j +Fn−2(q1, . . . , q̂i , . . . , q̂ j , . . . ,qn)

for any choice of variables qi and qj and polynomial Fn2 is logically contextual.

Proof Consider any two variablesqi andq j which appear in at least one of the terms with degree at
least two of the polynomialFn. The polynomialFn can be rewritten as

Fn(q1, . . . ,qn) = F1
n−2+qiF

2
n−2+q jF

3
n−2+qiq jF

4
n−2

whereF i
n−2 aren−2 variable polynomials inq1, . . . , q̂i , . . . , q̂ j , . . . ,qn.
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Next choose any assignment of outcomes to theZ measurements performed by the firstn parties, ex-
cept theith and thejth party, such that the polynomialF4 evaluates to 1 at the values ofq1, . . . , q̂i , . . . , q̂ j , . . . ,qn

corresponding to this assignment. Using this assignment, we have obtained a degree two polynomial in
two variables,qi andq j .

We can now use one of the arguments in Section 3.1.5 in order toidentify at least two sections in the
support of the

Z . . .ZYiZ . . .ZYjZ . . .ZZ

row which cannot be extended to a global section consistent with the support of the rows

Z . . .ZZiZ . . .ZYjZ . . .ZY

Z . . .ZYiZ . . .ZZjZ . . .ZY

and

Z . . .ZZiZ . . .ZZjZ . . .ZZ

Note however that showing that at least one global sectiondoesexist for the class of states consid-
ered in the Theorem above is not as simple as in the three partite case, so strong contextuality cannot
be immediately ruled out for these states even in the specialcase when one considers onlyY and Z
measurements.

3.2.3 Weakly contextual states

Theorem 3.12 Any n+ 1-partite balanced quantum state whose functional dependency is given by a
polynomial Fn(q1, . . . ,qn) of degree one which is not of the form

Fn(q1, . . . ,qn) = qi +q j +Fn−2(q1, . . . , q̂i , . . . , q̂ j , . . . ,qn)

for any choice of variables qi and qj and polynomial Fn2 is weakly contextual.

Proof Any degree one polynomial which is not of the above form must contain precisely one term.
Thus the state we are dealing with is a so-called dictatorship state, i.e. the value of the last qubit is
dictated by the value of itsith qubit, and the state is either of the form

∆+
i :=

( |0〉+ |1〉√
2

)⊗n

⊗ |0i0n+1〉+ |1i1n+1〉√
2

or

∆−
i :=

( |0〉+ |1〉√
2

)⊗n

⊗ |0i1n+1〉+ |1i0n+1〉√
2

and its probability table can be expressed in terms of a suitable choice ofn−2 constants and the proba-
bility table of either theΦ+ or of theΦ− state.

A straightforward inductive argument based on the argumentused in Proposition 3.3 will show that
then+1-partite dictatorship states are also weakly contextual for the measurementsU

(π
2 ,

π
8

)

, U
(π

2 ,
5π
8

)

andU
(π

8 ,
π
2

)

, U
(

5π
8 , π

2

)

respectively.
Moreover, the generalization of the argument used in Theorem 3.4 shows that then+1-partite dicta-

torship states are not logically contextual for any possible dichotomic choice of measurements. �
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3.2.4 Non-contextual states

Any n+1-partite balanced quantum state whose functional dependency is given by a constant polynomial
is clearly a product state and hence non-contextual.

4 Final Remarks

In this paper, we have shown the logical contextuality of twoclasses of states, the permutation-symmetric
and functionally dependent states. Our proofs have been constructive, in that we have explicitly given
local observables which witness the logical contextualityof these classes of states.

What about the general case? In the forthcoming paper [2] with Shenggang Ying, we establish the
following result.

LetP(n) be the class ofn-qubit pure states which, up to permutation, can be written as tensor products
of 1-qubit and 2-qubit maximally entangled states. LetL(n) be the set of logically contextualn-qubit
states.

Theorem 4.1 For all n ≥ 1, P(n) and L(n) partition the set of n-qubit pure states.

Thus every pure state iseither a state whose only form of entanglement is bipartite maximalen-
tanglement in 2-qubit subsystems;or it is logically contextual. So logical contextuality, withcertain
bipartite exceptions, holds in general.

This result can moreover be proved constructively, leadingto an algorithm which, given ann-qubit
state, either returns that it is inP(n), or produces local observables which witness the logical contextuality
of the state. Strikingly, onlyn+2 local observables are needed for an-qubit state.
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